Application of Euler's forward method for the numerical solution of singularly perturbed differential equation is presented. Stability region and order finger star are provided to show the order of convergence. The rate of theoretical and numerical order of convergence is derived. Experimental results are presented to show the performance of the method both numerically and graphically, based on the metrices such as amplification factor, stability function, stability region and theoretical and numerical rate of order of convergence.
INTRODUCTION
Consider the singularly perturbed initial value problem εy (t) = f (t, y(t)), t ∈ [a, b], y(a) = φ
where ε is a small parameter such that 0 < ε << 1. It is a problem of calculating the shape of the unknown curve which starts at a given point t=a and satisfies the given singularly perturbed differential equation. In [1, 10] , the notion of stiff and singular perturbation problems are presented. In 1769-70, Atkinson [4] , Leonhard Euler in his book, Institutionum Calculi Integralis, designed a numerical method for the solution of the problem (1) and it is of the form y i+1 = y i + h ε f (t i , y i ), i = 0, 1, 2, · · · , N − 1, y 0 = φ
where {a = t 0 ,t 1 ,t 2 , · · · ,t N = b} is a sequence of points in [a, b] , using the step size h, t i = t 0 + ih and h = t i+1 − t i , i = 0, 1, 2, · · · , N − 1. The method (2) is consistent with the problem (1) as step size h approaches zero (h → 0). The order of the method (2) is one for a fixed ε. This means, (1) The error per step is proportional to the square of the step size.
(2) The error at a given time is proportional to the step size.
To design a numerical method, the deeper knowledge of the stability of the difference equation must be known to a designer. For a designer, some tips are given by [5] [6] [7] [8] , which examined the development of numerical solution techniques from the identification of the problem to the never-final preparation of automatic codes for the solution of classes of similar problems. It is a survey of recent works that have advanced the state of art or offers promise of the future. It discusses a number of problems that are only a part of the way along the path of development.
Euler's forward method serve as the basis to construct more complex numerical methods for singular perturbation problems. Complex numerical methods have been generated from Euler's forward method in the works of Selvakumar [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . A program in Maple, is presented to solve initial value problems numerically by [9] . A program in Matlab, is presented to solve second order initial value problem numerically in [3] .
For singular perturbation problems, in the literature, the theoretical rate of order of convergence is derived. The procedure adopted to find error estimate cannot be applicable to higher order methods. This motivates to derive theoretical rate of order of convergence and this procedure must be applicable to higher order methods. The numerical rate of order of convergence is not derived in the literature and it is derived in this paper. completeness of this paper both deivations are included. Finally, stability regions, order star, order star finger region, relative stability region, relative absolute region and order graph are not explained in the literature for singular perturbation problems. In this paper, we present all these concepts.
In brief, this paper presents a detailed analysis on Euler's forward method for the numerical solution of the first order singularly perturbed differential equations. In section 2, stability analysis is given and in section 3, stability functin, stability region, order star fingers for singularly perturbed problem are presented. Stability region analysis is given in section 4. Order star finger and region analysis is given in section 5. In section 6, the theoretical rate of order of convergence is derived. In section 7 , the numerical rate of order of convergence is derived. Finally, in section 8, experimental results are presented to show the performance of the method both numerically and graphically.
Throughout this paper C is a constant independent of i, h and ε.
2. STABILITY RESULT In this section, the stability analysis of the singularly perturbed problem is given. On applying the method (2) to the problem [2] ,
whose exact solution is y(t) = exp(− t ε ) We have the difference equation as
The corresponding amplification factor Q(
Stability: A numerical method is stable if
Using (6), one can determine the maximum step size h for which the method is stable. The equation (6) holds only when 0 ≤ h ≤ 2ε.
STABILITY REGION
In this section, the stability region of the solution of the singularly perturbed problem is presented. The value of ε considered is 0.75 for Matlab contour.
Stability region of exact solution:
The stability function of the exact solution of the problem (3) is given by
where z is a complex number and the stability region is on right half of the complex plane which is presented in figure 1 as a blue colour shaded portion. For ε = 1 the stability region is the entire right half plane. So in the brown shaded region it is unstable when ε = 0.75 Stability region of numerical solution: On applying Euler's method (2) to the problem (3), the stability function of the numerical solution is given by
where z is a complex number and the stability region is a region inside circular region with center (ε, 0) and radius ε on the right half complex plane which is presented in figure 2 . On applying the Euler forward method to the problem (3), the numerical solution is stable inside the contour and unstable if the values of z is outside the region {z ∈ C/ |ε − z| ≤ ε} Order star finger: The degree of the stability function of the singularly perturbation problem on applying Euler's method is one and so the order of the numerical method is one. In figure 3 , only one finger lies inside the stability region and so the method is of order one.
Order star finger region of numerical method: The order star finger region of Euler's method (2) is given in figure 4 . The region is in blue colour.
Relative stability region: The relative stability region or the order star of first kind for the Euler's forward method is given in figure 4 . The region is in brown colour.
Absolute relative stability region of numerical method: Absolute stability region for the Euler forward method obtained on relative comparison with one is given in figure 5 . From the above analysis, it is observed that the numerical method is of order one.
STABILITY REGION ANALYSIS
In this section, the stability regions with respect to the exact and numerical solutions are provided in the figures 6, 7 and 8 for ε = 0.5, 0.25 and 0.125 respectively. Region shaded by blue colour refers to stability region and brown colour region is the corresponding unstable region with respect to exact solution. The green colour region is the stable region and white colour region on the right half plane is the unstable region with respect to numerical solution.
It is observed that, on decreasing the value of ε, both stability region of exact solution and numerical solution get shrinked. The exact solution shrinks parallel to imaginary axis.
(a). Exact solution
The numerical region shrinks towards the origin since it is the region inside the contour with center (ε, 0) and radius ε. This shows, no region for small ε which indicates the basic property of the singular perturbation problem. That is, as ε is very small ε approaches zero and the differential equation (1) 
ORDER STAR FINGER AND REGIONS
In this section, the order star finger and order star finger regions with respect to the exact and numerical solutions are provided in the figures 9, 10, 11 and 12 for ε = 0.75, 0.5, 0.25 and 0.125 respectively. Blue and brown shaded regions refer to order star finger region and relative stability regions respectively. It is observed that there is only one finger inside the stability region and so the order of the method is one. 
THEORETICAL RATE OF ORDER OF CONVERGENCE
In this section, the theoretical rate of order of convergence of the numerical method is derived. The main result of this section is stated in the following theorem.
Theorem 6.1
If y(t) is the solution of the given differential equation (1) 
where C is independent of i and h
Proof
The solution y(t) of (1) at the nodal point t = t i+1 can be expressed in terms of solution y(t) at the nodal point at t = t i , using Taylor's series as follows:
where
The numerical method (2) can be expressed as
where h = t i+1 − t i and y i = y(t i ), i = 0, 1, · · · N Equation (11) can be rewritten as
From equations (10) and (12), we have
where e i = y(t i ) − y i , i = 0, 1, · · · N The error per step, Local Truncation Error(LTE) is given by
The error at a given time t is termed as Global Truncation Error [GTE] and can be obtained from (15) by rewritting (15) as follows:
From equation (14), we have to find the error estimate for the absolute error. For i=0,1,2,...,N-1, we have
Continuing like this finally,
From equations (17) to (20), we have,
Let k=max y (t j ) f or j = 0(1)N − 1, then,
Now for i=0 and i=N we have the estimate. And for i=i,2,...N-1 we shall find the error estimate by taking the equation (19) 
we have,
The right hand side of equation (22) is same as in equation (24), and so,
for i=1(1)N-1. Finally, from (17), (23) and (25) the desired estimate (9) follows for i=0(1)N
Hence the proof.
Theoretical rate of order of convergence If y(t) is the solution of the given differential equation (1) and y i is the numerical solution of the numerical method and, if we have an error estimate of the form,
then n is the theoretical rate of order of convergence of the method and it can be obtained from the estimate (27) . Rewrite (27) as . Here y h i stands for the numerical solution got by using step size h and y h 2 2i stands for the numerical solution got by using step size h 2 . From (28) and (9) the theoretical rate of order of convergence of Euler's method is of one (n=1).
When exact solution is not known finding out the numerical rate of order of convergence is the next task. To solve this, an alternate numerical rate of order of convergence is derived in the next section.
NUMERICAL RATE OF ORDER OF CONVERGENCE
In this section, the numerical rate of order of convergence of the numerical method is derived. The main result of this section is stated in the following theorem.
Theorem 7.1
Let y(t) be the solution of the given differential equation (1) and y h i and y h 2 2i be the numerical solution of the Euler's method (2) using step sizes h and h 2 respectively. Then, for i=0(1)N, we have an error estimate of the form,
where C is independent of i and h.
Proof
Let w i = 2[y 
Using the procedure in theorem 6.1, equation (30) gets the form
From (31), the error per step is given by
Equation (31) can be rewritten as,
and hence the error at a given time t is given by
Now, the equation (31) is for i=1(1)N. Adopting the procedure followed in theorem 6.1, for i=1(1)N, we have
Now, for i=1(1)N,we have the relation
Following the procedure in theorem 6.1,
Taking absolute value on both sides,
Let k = max y (t m ) , for m=0,1,2,...N-1, then, for i=1(1)N,
From (30) and (38), we have the required result, for all i=0(1)N
Numerical rate of order of convergence: Let y(t) be the solution of the given differential equation (1) and y h i and y h 2 2i are the numerical solution of the numerical method using step sizes h and h 2 respectively. Then, we have an error estimate of the form,
Here n is the numerical rate of order of convergence of the method and it can be obtained from the estimate 
EXPERIMENTAL RESULTS

In this
Theoretical rate of order of convergence: The theoretical rate of order of convergence of a numerical method P N when the exact solution is known is defined as
where e h i = y(t i ) − y h i and e
Here, N refers to number of nodal points on using a particular step size h. It is observed from table 1 that the theoretical rate of order of convergence is one, for the test problem 1. ]. Here N refers to number of nodal points on using a particular step size h. It is observed from table 2 that the numerical rate of order of convergence is one, for the test problem 1.
From the Tables 1 and 2 , it is observed that using problem (3) with ε = 0.125, we are able to get the rate of order of convergence as one. Order graph: The order graphs for the exact and numerical solutions of the test problem 1 is given in figure 13 . The curve with blue colour refers to numerical solution and the curve with red colour refers to exact solution. It is a plot of h and Q(h). With respect to exact solution, Q(h) = exp(− h ε ) and with respect to the Euler's method figure 13 , it is observed that, the curve with respect to numerical solution deviate downwards from the curve with respect to exact solution as time step progress. And, the order graph due to exact and numerical solutions are straight lines for ε = 1. But, for ε = 0.125 the order graph due to numerical solution is a straight line and for exact solution it is not a straight line.
(a). ε = 1 Numerical solution of singular perturbation problem: In figure 14 , for the test problem 1, curves represent exact solution, numerical solution and the absolute error. It is observed from figure 14 , that for ε = 1, as the numerical value deviate downwards from exact solution, the absolute error get deviate upwards from t-axis. If the absolute error is very closer to the t-axis, as time get increased, then the numerical solution come closer to the exact solution.
And, for ε = 0.125, the error curve is closer to te t-axis in the interval (ε, 1) and in the interval (0, ε) as the numerical solution deviate downwards from exact solution, the error curve deviate upwards. If the absolute error (b). ε = 0.125 Figure 13 .Stability regions of exact and numerical solutions, ε = 0.5.
(a). ε = 1 is very closer to the t-axis in both the intervals (0, ε) and (ε, 1) then, the numerical solution will be very closer to exact solution. In figure 15 , for the test problem 2, curves represent exact solution, numerical solution and the absolute error. The observation is same as in test problem 1.
Numerical solution of singular perturbation problem with refined mesh: From the graphical results of figures 14 and 15, it is clear that, if the absolute error is very closer to the t-axis in both the intervals (0, ε) and (ε, 1) then, the numericalsolution will be very closer to exact solution. From the stability region analysis of section 4, it is observed that, the stability region is a region inside contour with center (ε, 0) and radius ε. 9. CONCLUSION Calculating the shape of the unknown curve which starts at a given point and satisfies the given singularly perturbed differential equation is our problem. The shape of the unknown curve is obtained by Euler's method with order one convergence. Theoretical and numerical rates of order of convergence are derived. Stability regions, order star, order star finger region, relative stability region, relative absolute region and order graph are presented. The advantage of the numerical method is, it is explicit in nature and there is no need to iterate for numerical solution.
